1. Introduction. In 1851 Sylvesterf stated, without proof, a theorem on contraction of determinants which had previously been stated by Hermite (1849) J for a special case. A proof of Sylvester's theorem was given by Studnicka in 1879. § A restatement of this theorem in a slightly different form permits significant applications to the determination of the ranks of matrices, the solution of systems of linear equations, and the calculation of partial and multiple coefficients of correlation. Thus it is seen that the determinants A pq are, except for the nonvanishing factor au, the possible non-vanishing third-order minors of the original matrix M of which the non-vanishing second-order minor D rs is a first minor. Hence, if all A pg = 0, the rank of If is 2. If there is a A^F^O the process may be repeated, this time using the elements in M". This application, by use of Theorem 1, will give a matrix whose elements will be (ihi • DrsX (all possible non-vanishing third order minors of M of which D r8 is a first minor). Repeated applications of the above contraction process, which will be called a neo-Sylvester contraction, give the following result: THEOREM 2. A matrix is of rank r if r neo-Sylvester contractions reduce it to a zero matrix.
Restatement of Sylvester's Theorem.

COROLLARY, If, in an mXn matrix (m^n), the result of m neo-Sylvester contractions is a non-zero matrix, the rank of the original matrix is m.
The check established in the Corollary to Theorem 1 also applies in the treatment of matrices.
Systems of Simultaneous Linear Equations.
The augmented matrix of a system of m linear equations in n unknowns is the m X (n +1 ) matrix
Since the coefficients a^ appear simultaneously in the determinants of both the coefficient and augmented matrices, it is obvious that the ranks of these two matrices can be obtained simultaneously by selecting for each contraction a pivotal element from the coefficient matrix. Each such contraction of the matrix of the system of linear equations is equivalent to eliminating the unknown that corresponds to the column of coefficients from which each successive pivotal element is chosen. Consequently, when the system of equations is a consistent system of rank r, the result of (r -1) neo-Sylvester contractions is the non-zero matrix of a system of (ra -r+1) equations in (« -r + 1) unknowns in which the corresponding coefficients are proportional. Any one of these equations may be solved for one of the (n -r + 1) unknowns in terms of the remaining (n -r). This value may be substituted in one of the equations obtained by (r -2) contractions. Continued substitution in the next previous system of equations results in the final determination of r of the unknowns in terms of the remaining (n -r) unknowns. These values will satisfy the remaining (m -r) equations of the resultant (m -r + 1) linearly dependent system obtained by the (r -1) neo-Sylvester contractions.
THEOREM 4. If (r -1) neo-Sylvester contractions reduce the augmented matrix of a system of m equations in n unknowns to a non-zero matrix of dimensions (m -r + 1) X(n -r + 2) in which the elements of any one row are proportional to the corresponding elements of every other row, then r of the unknowns can be determined uniquely in terms of the remaining n -r unknowns. These values will also satisfy the remaining m -r equations.
If r -m=n, we obtain the following result: THEOREM 
If (n -1) neo-Sylvester contractions reduce the augmented matrix of a system of n equations in n unknowns to a 1X2 non-zero matrix, then the equations have a unique solution*
Each contraction is equivalent to the elimination of variable Xj if the pivotal element is chosen in the jth column. Hence, if the pivotal elements for the (n -1) contractions be chosen from columns other than the column of coefficients of x r and the column of constant terms, the value for x r is obtained by dividing the final element in the column of constant terms by the final element in the column of coefficients of x r . This is obvious, since the final element in the x r column is, except for a sign and multiplicative factor, the expansion of the determinant of coefficients, and the element in the column of known terms ki is, except for the same sign and multiplicative factor, the expansion of the determinant obtained from the determinant of the coefficients by replacing the elements of the rth column by the column of k's. The truth of this corollary is readily seen. The contractions would produce in the jth column of M the expansion of the determinant which is the divisor in the Corollary except for a multiplicative factor, which would be the product of the (n -1) pivotal elements chosen for the successive contractions, and for a possible sign factor. The same contractions would produce in the &th column of M, except for the same sign and multiplicative factor, the expansion of the determinant which is the dividend in the Corollary multiplied by the additional sign factor ( -l)!*-'!-1 , which is the number of inversions necessary to place the &th column of the dividend in the same relative position to the remaining columns as the jth column of the divisor bears to these same columns. Rietz, Handbook of Mathematical Statistics, 1924, pp. 139-141. tractions affords a systematic technique for determining the values of the jS's ; furthermore the check used in solving linear equations may be used here.
The process may be further systematized by making use of the nth order determinant of the product-moment coefficients 1 rn f is It is to be noted that the determinant of the coefficients of the jS's in the regression equations (2) is the determinant A pp and that the known terms are elements from the pth column of A. Perform (« -2) neo-Sylvester contractions on A in which the pivotal element is chosen each time as any element in the principal diagonal except in the pth or gth row and column. The result of these (»•-2) contractions will be ^-column ^-column
where K is a common sign and multiplicative factor. Since A is symmetric and the pivotal element for each contraction is chosen from the principal diagonal of A, it follows that A pq =A gp ; furthermore the sign factor may be written (p + q-1), since, for all integral values of p and q, (p+q -1) is even or odd according as \p -q\ -1 is even or odd. Hence the determinant (3) may be written in the simpler form ^-column (/-column
Therefore, by the Corollary to Theorem 5, Formula (6) may now be written
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If the determinant of the numerator be augmented by adding the pth column of the denominator, the nX(n-\-l) matrix 
